Superconducting vortex loops have so far avoided experimental detection despite being the focus of much theoretical work. We here propose a method of creating controllable vortex loops in the superconducting condensate arising in a normal metal through the proximity effect. We demonstrate both analytically and numerically that superconducting vortex loops emerge when the junction is pierced by a current-carrying insulated wire and give an analytical expression for their radii. The vortex loops can readily be tuned big enough to hit the sample surface, making them directly observable through scanning tunneling microscopy.
support to the earlier proposed mechanisms for superconducting vortex loops. Finally, we discuss how the proposed setup can be realized experimentally.
Methodology: In the Usadel theory, the system is described by a quasiclassical Green's function from which physical properties can be extracted. The SNS junction depicted in fig. 1 can be treated in the quasiclassical formalism under the assumptions that the Fermi wavelength is much shorter than all other relevant length scales. In thermal equilibrium it is sufficient to calculate the retarded Green's function,ĝ. If the system is diffusive, meaning that the scattering time is small, the isotropic part dominates and solves the Usadel equation [12] [13] [14] [15] , D∇ · ĝ∇ĝ + i [ερ 3 ,ĝ] = 0.
(
Here, D is a diffusion constant,ρ 3 The quasiclassical formalism is not applicable across boundaries because the associated length scale is too short. The Usadel equation must therefore be solved in the normal metal and superconductors separately, and the solutions must be connected through boundary conditions. If we assume a lowtransparency interface, we may use the Kupriyanov-Lukichev boundary condition
where e n is the outward-pointing normal vector for region i, ζ i is the ratio of the bulk and interface conductances of material i and L i is the length of material i in the direction of e n . For the boundaries interfacing vacuum, e n ·∇ĝ = 0. Assuming that the superconductors are much larger than the normal metal, we can the analytic bulk solution [16] 
iφ is the superconducting gap parameter. The Usadel equation can be made dimensionless by introducing the Thouless energy, ε D/L 2 , and measuring length scales relative to L and energies relative to ε .
In general, the Usadel equation has to be solved together with the Maxwell equation in a self-consistent manner. However, we are interested here in the case where the width W and height H is smaller than the Josephson penetration depth. In this case we can ignore the screening of the magnetic field by the Josephson currents and the magnetic field is equal to the external one [17] . The part of the wire which is inside the superconductor is assumed to be screened and hence not contribute to the vector potential inside the normal metal. From the remaining part of the wire, we get
where r = y 2 + z 2 , e x is the unit vector in the x-direction and n = −eµI/4π 2 where I is the current and µ is the permeability. The Ricatti Parametrization: In the Ricatti parametrization [18] ofĝ R , the parameter is the 2 × 2 matrix γ and the retarded Green's function is written
where
Since the superconducting correlations in our system are spin-singlet, we may write γ = antidiag(a, −a) and γ = antidiag(b, −b). Substituting this into eqs. (1) and (2) we obtain the dimensionless equations
and
The corresponding equations forã and e n · ∇ã is found by tilde conjugating eqs. (5) and (6) . Observables: As mentioned initially, a vortex is accompanied by a non-superconducting core and a circulating supercurrent. Both the superconducting order parameter and the supercurrent can be extracted from the quasiclassical Green's function. In the following it will be useful to writê
There are only singlet correlations in the SNS system, so
Written in terms of the quasiclassical Green's function, the superconducting order parameter is
where ψ σ (r, t) is the field operator which destroys an electron with spin σ at position r and time t, N 0 is the normal state density of states and β = 1/k T. The current density is [13] 
Inserting eq. (7), using the relationsĝ = −ρ 3ĝ †ρ
Numerics: The Usadel equation was solved numerically using a finite element scheme [19] . The program was written in Julia [20] , Forward-mode automatic differentiation [21] was used to calculate the Jacobian and JuAFEM.jl [22] was used to iterate through the cells.
Results and Discussion:
The non-linear Usadel equation does not have a general analytical solution, but it can be solved analytically in an approximate manner far away from the wire. If we assume the proximity effect to be weak, we can keep only terms which are linear in a,ã and their gradients. In this case the Usadel equation (5) decouples:
Equation (11) can be further simplified when we only consider regions where r L, with r = y 2 + z 2 . The solution of eq. (11) is constant in y and z when A = 0, and by assuming this is also approximately true when |eA| 1, we assume that the terms ∂ 2 y a and ∂ 2 z a are negligible. Finally, we Taylor expand eA = −nπ/r + O(1/r 2 ) and keep only the first term. Equation (11) can now be solved exactly, and by applying the linearized boundary conditions the solution can be written on the form
where Θ = φ r − φ l + 2πn/r (13) and the functions h 1 and h 2 depend on ε, ∆ and ζ. Note that the wide junction approximation is not applicable at small energies. From eq. (12) we see that a vanishes at x = 0 and r L = 2n
and N is any integer. This means that f and hence also Ψ vanish at these points. a is holomorphic, so from Cauchy's argument principle [23] there is a 2π phase winding in the order parameters around these points. Equation (14) is our main analytical result as it predicts how the radius of the vortex loops depends on the tunable parameters of the system: the current through the wire and the applied phase difference. Although it was obtained using approximations, we demonstrate below that it matches the full numerical solution of the exact Usadel equation very well. Note that the radius, r, of the largest vortex loop given eq. (14) can be made arbitrary large by letting φ r − φ l approach π. Thus, for a given sample size L × W × H and current I, there is a superconducting phase difference for which the vortex loop hits the surface and can be directly detected experimentally.
When the superconducting phase difference is increased in normal SNS-junctions the vortices respond to an increase in the superconducting phase difference by moving in unison in a certain direction [10] . If the direction of the external magnetic field is reversed, the vortices will move in the opposite direction when the phase difference is increased. The magnetic field going through two opposing points on the vortex loops are opposite in direction. Hence, if the upper part of the loop moves up, the lower part should move down, increasing the size of the loop. This may indicate that the relationship between the radii of vortex loops and superconducting phase difference in proximity systems is a general feature and not specific to the system considered here. This could be important as it opens the possibility of manipulating vortices in systems that are less obviously controllable than the one considered in the present manuscript while at the same time easier to design in the lab. For instance, one possibility is to grow the normal metal around a magnetic dipole. The magnetic field from a dipole can, unlike the magnetic field from a wire, not be altered in strength. Nevertheless, if the field is strong enough to produce vortices, altering the superconducting phase difference could be a way to increase the size of the vortex to the point where it touches the surface and becomes directly observable. This is consistent with the findings of ref. [6] who considered a magnetic dipole embedded in a single superconducting material.
We now proceed to show numerical results in the full (nonlinear) proximity effect regime. We have set the parameters |∆| = 4ε , G = 3G 0 , W = H = 6L and φ l = 0 common for all the numerical calculations. We include the effect of inelastic scattering by doing the substitution ε → ε + iδ where δ = 0.001|∆| in order to avoid the divergence ofĝ at ε = |∆| [24] .
Numerically we find that vortex loops do indeed form at the locations predicted by the analysis. There are circular paths around the origin where the superconducting order parameter vanish and the local density of states is equal to that of the normal state. Around these loops there are a circulating supercurrent and a phase winding in the order parameter of 2π. Figure 2 shows a contour plot of |Ψ|, which shows the location of the vortices, together with the phase of Ψ and the circulating supercurrent j.
We find that the positions of the vortex loops match with eq. (14) for vortices with radius much larger than L, as predicted from the analysis. Figures 3 and 4 shows how the sizes of the vortex loops depend in superconducting phase difference φ and magnetic field strength n, respectively. We find that increasing φ can make the vortices arbitrary large, but does not increase the number of vortices. Increasing n, on the other hand, also increase the number of vortices, but the sizes grow only linearly with n. Note that as the vortex loops hit the surface, they curve so as to hit normally to the surface. This is because there should be no current component normal to the surface, and is consistent with previous results [6, 25] .
The setup presented in this Letter can be realized experimentally by first growing a vertical insulated nanowire and then grow a superconductor, such as niobium, and a normal metal, such as copper, around it in a layerwise fashion. Growing a vertical wire has been done successfully by the vapor-liquid-solid method [26] [27] [28] and by template-directed synthesis [29] . The vapor-liquid-solid method has already been used to produce vertical surround-gate field-effect transistors with a precision exceeding what should be necessary for the system presented here [27] .
Conclusion: We have demonstrated that controllable superconducting vortex loops can emerge in a Josephson junction pierced by an insulated current-carrying wire. The size and number of vortices depend on the phase difference between the superconducting order parameter in the superconductors, φ r − φ l , as well as the strength of the magnetic field. Our findings suggests that even in systems where controlling the magnetic field strength is not an option, such as in system with a magnetic dipole inclusion, the superconducting phase gradient causing a supercurrent flow can still be used to expand the vortex loops such that they hit the surface. This would make them directly detectable through scanning tunneling microscopy.
